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The dynamics of a simplest model of a wheeled vehicle in its region of sta-
bility under a constant action of small perturbations of determinate as well as
of random character is considered, Investigation of the track stability of the
wheeled vehicles is usually reduced to determining the ranges of values of the
parameters over which the motion of the system is stable, and to studying the
character of the transition process in the region of stability, Of practical in
terest is the study of the dynamics of the system within the region of stability
under the influence of small constantly acting perturbations of determinate as
well as of random character (unevenness in the microprofile of a road and wind
loads ), Such an investigation enables us to estimate the spread of the co-
ordinates relative to the values of the parameters lying within the region of
stability and to solve the problems of opimizing these parameters.

l, Statement of the problem, To simplify the operations, we shall con-
sider the case of an uncontrolied motion of a simple model of a wheeled vehicle in the
horizontal plane. The equations of motion constructed with help of the Rocard drift
hypothesis [1], have the form

r = — Az, — Az, — Bzy + §, 4 &, (.
Ty = Zg
xa' = — B$1 —_ sz_ch - dlgl - 2§2

Here we use the following dimensionless variables and notation;

v 1 dz _ = de __ ..
T——p—'t, xl——p—'ﬁ.—zT, .'Z'z——e, xs—a—z
_{u+a)p _ mly—ayly _ ah? 4 agls?
A="Dm— B="%m C="T0m
L Il __ bl pky
dl:T’ dy=— p’ Si= E'2::mz;2

We assume that the unperturbed motion of the vehicle takes place on the zy -plane
along the y -axis, O is the angle between the longitudinal axis of the vehicle and
the y -axis, ¢ istime, v is the velocity of motion along the ¥y -axis, M is the
mass of the vehicle, © isthe radius of inertia of the vehicle relative to the vertical
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axis passing through the center of mass, 4; and ¢ are the drift coefficients of the
front and rear wheels, [/, and l, are the distances between the center of mass and
the front and rear axle, L= L4+ is the wheelbase of the vehicle, and
Fy and £, are given perturbations acting of the front and rear wheels,
In the diménsionless variables the set of steady motions becomes a set of equilibrium
states, at each point of which the relation z;, -} z, = 0 holds.
The characteristic polynomial has the form

plp*+p(4 +C)+ AC + B — B? = pA (p)

where p denotes a dimensionless differentiation operator. Neglecting the null root
arising as the resultof the one-dimensional character of the set [1], we find the condi-
tions of stability of this set

A+C>0, AC+ B —B*>0

In accordance with the physical sense of the parameters of the system, the first condi-
tion always holids, and the second condition can be reduced to the following inequality:

2 a1a2L2 1. 2
vl m (ath — agly) (2

which in fact defines the range of the values of the parameters of the stable system's
motion,

Let us now inspect the behavior of the system within the region of stability., Apply-
ing Laplace transformation to Egs. (1.1), we obtain

Xi(P) = M1 (P) + Mebe (P) (& =1,2), Xs(p) = pX:(p)

_AtpCt+By)+ Bt A, B+ d) (i =1,2)

>"1i pA(p) ’ 2 PA(p)

The transfer functions obtained for X1 and X; contain a zero root in the deno-
minator. From this it follows that when a unit step impulse § = 1 (T) acts on the
system under the condition that E, = kg, , the solution has the following structure:

2
B4 Ad k(B
X3 (1) = £ Lp RO EAR ) A0 exp (i)

i=1

From this we see that in the region of stability of the system, the representative point
approaches asymptotically a position different from the initial position when T— oo
The expressions obtained imply also that when the relation @, = k@, connecting
the drift coefficients of the front and rear wheels holds, then stabilization of the vehicle
moving on course under the action of sidewise perturbations becomes feasible. In the
case when the sidewise perturbations are due to wind loads, the coefficient & becomes
a constant determined by a vehicle profile.

Let us now investigate the solution of the system under random perturbations, and let
the probabilistic characteristics of the perturbations £,(T) and &, () be given. We de-
termine the dispersions of the coordinates 4, j = 1,2, 3, We know from the
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theory of random processes [2] that the dispersion Dy of the coordinate & of the
system can be expressed, in the presence of two random influences, by an expression
of the form

D, = ZZ °§ Wi (jo) W, (— jo) Se,z. (0) do

i=1 r=1

where Sge (©) (i, r =1, 2) are given spectral densities and reciprocal spectral
densities of the processes §&; (1) and §, (t). while W, (jo) and W, (jo) are the
transfer functions operating from §&; and &, tothe coordinate z , respectively.
The presence of zero roots in the characteristic polynomial, and consequently in the
denominators of the transfer functions, makes their use impossible as the dispersions
4 z, turn out to be divergent. Consequently the problem has
been incorrectly formulated. It can however become cor-
: /0/ rect if we pass to the coordinates expressing the deviation
7 Z of the representative point from the surface of equilib-
rium states,
Uy Let 2, = v, —u, T, =1, +u, and z;=y,
U where u is the coordinate counted along the set O,
while »; and 7, are coordinates orthogonal to u (see
Fig. 1 Fig. 1). Equations (1.1) in these variables become

i—B

v = — A+ —— Vs + Lit+Ca (Cl,z = —;‘ghz) (1.3)

vy = — 2Bv; — Cvy — 2d1L; — 2d,0s

w=Av + sl

We see that the first two equations of (1, 3) form a closed system and can be considered
separately. The third equation determines the motion of the representative point a-
long the set. Applying the Laplace transformation, we obtain

A, (v) Ay (P) o (1.4)
Vi(p) =731(—p) L+ —Ai(l;)-Cz(P) (1=1,2)
Ay, (p) A,,(p)
pU(p) = —5'(’,—)[51(1’)4- WCa(P)
Ay=p+C+dy(B—1), Ay=—2(dp+ dA + B)
Ayy=plAd —(B+1)d)) + AC —24d; — B (B +1) —1
(i=1.2)

Thus the change of the coordinates (4, vy, ¥g) produced the solution (1.4) in the
variables »; and ¥, in which the zero root no longer appears, In addition, the
variable gz can be determined by quadrature.
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Let random forces with mathematical expectations <{;> and ¢y> actupon
the system, Then the mathematical expectations of the coordinates can be found from
the equations of motion

C (<B1> +-<L) — (1 — B) (d1 <G> + da <L)

1) = ACTF B(—B)
(V) = — A(dy <E1> + da <Bad) 4 2B (<G> + <L)
L AC+ B (1 —B)

Subtracting from (1. 3) the corresponding averaged equations, we obtain the equations

of motion in centralized coordinates. These equations fully coincide with (1,3), pro-
vided that the coordinates in the latter equations are regarded as centralized. We shall
therefore assume from now on, that ¥, and v, are centralized,

2, Dynamics of a wheeled vehicle under a random wind load,
We shall assume for simplicity that the side force acting on the rear wheel is proport-
ional to the force acting on the front wheel, i.e., & = kE,. The physical realiza-

tion of this assumption can be accomplished by a side wind when the load distribution
on the front and rear wheels is determined by treating the vehicle as a sail of a certain
area,

Let the function §&; (t) be defined by its mathematical expectation (§,> =

p (F1> /2mv* and the spectral density [3]

R (0)B
Se(P) = gy

The parameters Re (0) and P are connected with the corresponding wind para-
meters Rp (0) and PB; in the real time scale by the relations

Rg (0) = Rr (0) p*/ (4m™#), B = o/ v
In this case the dispersion of the coordinate ?; is given by the expression

°§ 1A, (@) 2

Du= ) Taw —

Sy0)-do

—_—00

Substituting the expression for Sa(@) in the above equation, we obtain

o

CROBT 1A, @P
Do === | x@rrrep @ do

—o00

_ _ (B — 1) (I — kly) _.
Ae(P=0+E)(p+C) Ci=C+ —_—P-(T—-II-T’ p=jo
As we know [2], the above integral is equal to  (—1)™M, / 2A, where A,

is the leading Hurwitz determinant of the polynomial A (p) (p + B) appearing
in the denominator of the integrand function and M, repiesents the determinantA,
in which the first column has been replaced by the coefficfents of the polynomial
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Aw (P) . To determine the dispersion of the coordinates, it is expedient to use
the following theorem which can be proved by mathematical induction.
Theorem. When the characteristic polynomial can be written in the form

Po(p) = P + anap™ + o a0 = (b + B) @ (7) @

(Q’n-l (P) = pn_l + bn—2pn—2 + ... +bo)

the leading Hurwitz determinants A,F and A9, are connected by the relation
g An_l y

AP = BA31Quy (B)

We note that the polynomial Pr(p) as written
Dy in the form (2.1) is encountered fairly often in
! the statistical dynamics. This stems from the
fact that, as a rule, Q,,—; (p) represents a
characteristic polynomial of the system and the
factor (p + B)"1 appears in the expression for
spectral density of the perturbing influence,

Y» _  Inthe present case we have
U .
Qua(p) =p*+p (4 +0) +
(3 AC + B — B?,
A2, =(4 + () (AC +B — B?
Fig. 2
and from this follows
Ry (0) (1 + k)% (F + HC1?) (2.2)

D

o T2 (H—=P) [P+ p(A+ C)+ AC + B— P’
F=BlAC+B—B1, H=A+C+B

When the conditions of stability hold, the dispersion is positive., Considering the
expression (2. 2) as a function of various parameters we can determine the values of the
parameters for which this function attains its minimum value, If we take the coef-
ficient k assuch a parameter, then the dispersion D,  reaches its minimum
when %k = k* where

ok = —(B— 1)2ddoH — HC (B —1) (dy - dy) — (F + HC?)
o r -+ H[C+(B—1)d,y)?

Similarly

3 Ry (0) (dy -+ kdg)p (F -+ HC3?)
T FHE—PIFETHATO) T ACF BB

D,,

has a minimum when % = k** where
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j#x _ Wla(F + AH) + ABH (la—1) + B*H
7l I H (Alg— B

Figure 2 depicts the surface D), = f (k, v). When the velocities of motion ap-
proach the critical value ¥* defined by the expression (1.2), the dispersion increases
without bounds as the value of the leading Hurwitz determinant of the system appear-
ing in the denominator of the expression for dispersion tends to zero,

REFERENCES

1. Neimark, Iu. I. and Fufaev, N, A., Dynamics of Nonholonomic
Systems, Moscow, "Nauka" , 1967,

2, L aning, J,H, and Battin, R.H. Random processes in automatic
control. New York - Toronto ~ London, Mc Graw-Hill, 1959,

3, Newton, G.C., Gould, L.A. and Kaiser, J.F. Analytical de~
sign for linear feedback controls. N.Y., Wiley, 1957,

Trnaslated by L. K.

UDC 539. 95

ON THE CONSTRUCTION OF PLANE STATIONARY SOLUTIONS
OF EQUATIONS FOR NONBQUILIBRIUM MAGNETIZED PLASMA

PMM Vol, 40, N2 5, 1976, pp. 813-822
V.1. ARTEMOYV and O, A, SINKEVICH
{Moscow)
{Received January 14, 1976)

A method for determining stationary two-dimensional distribution of the ele-
ctric current and electron temperature in nonequilibrium magnetized plasma
is developed with heat conduction and convestion taken into account. Solu-
tion is derived in the form of asymptotic expansions in a small parameter,
Derivation of the zero approximation for the external and internal expansions
is investigated. The problem of current distribution in a channel with infi-
nite electrodes is considered as an example,

1, If heat conduction and convestion are neglected, the problem of stationary dis-
tribution of current in nonequilibrium plasma can be reduced to the problem of conti-
nuous media electrodynamics with a nonlinear dependence of electrical conductivity
and of the Hall parameter (£2) on the modulus of the vector of electric current den-
sity [1]. In the plane case this problem reduces to a quasi-linear equation of second
order for the function of current or electrical potential [2-4] (Eq. (3.1) below). When
the Hall parameter exceeds a certain value which coincides with the Hall parameter



